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Abstract 



We present intersecting p-brane solutions of eleven-dimensional supergrav- 
ity (M-branes) which upon toroidal compactification reduce to non-extreme 
rotating black holes. We identify harmonic functions, associated with each 
M-brane, and non-extremality functions, specifying a deviation from the BPS 
limit. These functions are modified due to the angular momentum parameters, 
which specify the rotation along the transverse directions of the M-branes. 
We spell out the intersection rules for the eleven-dimensional space-time met- 
ric for intersecting (up to three) rotating Af-brane configurations (and a boost 
along the common intersecting direction). 
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I. INTRODUCTION 



Intersecting, BPS-saturated p-brane configurations in string theory and eleven- 
dimensional supergravity became subjects of intense research since such configurations re- 
duce, upon (toroidal) dimensional compactification, to BPS saturated black holes with non- 
singular horizons (with non-zero Bekenstein-Hawking (BH) entropy). Within the framework 
of eleven-dimensional supergravity, such configurations correspond to the intersecting two- 
branes and five-branes of eleven- dimensional M-theory and they are of special interest 
since the D = 10 backgrounds with NS-NS and R-R charges appear on an equal footing 
when viewed from eleven dimensions. This approach may shed light on the structure of 
non-extreme black holes from the point of view of M-theory, and, in particular, clarify the 
origin of their BH entropy. 

A discussion of intersections of certain BPS-saturated M-branes along with a proposal 
for intersection rules was first given in |^ . A generalization to a number of different harmonic 
functions specifying intersecting BPS-saturated M-branes, which led to a better understand- 
ing of these solutions and a construction of new intersecting p-brane solutions in D < 11, 
was presented in [|] (see also related works in Refs. P,|5Hl2|). Specific configurations of that 
type reduce to the BPS-saturated black holes with regular horizons in D = 5 @] and D = 4 
0, whose properties are determined by three and four charges (associated with the corre- 
sponding harmonic functions), respectively. The generalization to intersecting non-extreme 
M-brane configurations, which upon dimensional reduction become non- extreme static black 
holes, was given in (see also [Q)- 

The purpose of the present paper is to spell out the structure of the intersecting non- 
extreme rotating M-brane configurations, whose rotational parameters are associated with 
the transverse directions. Upon toroidal compactifications, these solutions become the 
known non-extreme rotating black holes (of the toroidally compactified Type II theory). 
In particular, we identify the relevant functions that specify the intersecting M-brane con- 
figurations and concentrate on the role of the rotational parameters. The structure of such 
configurations may shed light on the role of angular momenta in the structure of non-extreme 
rotating black holes from the point of view of M-theory, and it may shed light on the origin 
of their contribution to the BH entropy. 

In the following, we shall discuss the procedure to construct the non-extreme rotating M- 
brane solutions. We further identify the intersecting configurations of two membrane (s)/five- 
brane(s) (and also include a boost along the common intersecting direction), and then further 
generalize the procedure to intersecting three and four rotating M-branes. The resulting 
non-extreme rotating solutions have the eleven-dimensional metric and the field strength of 
the three-form field specified by a number of independent parameters: the "non-extremality" 
parameter, representing the deviation from the BPS-saturated limit, the "boost" parame- 
ters, specifying charges carried by the configuration, and the angular momentum parameters, 
specifying the rotational degrees of freedom in the transverse directions. The important in- 
formation on the eleven- dimensional metric associated with each brane configuration is now 
encoded in the modified harmonic functions, which are specified not only by the charges 
but also by the rotational parameters. We also concentrate on the structure of such con- 
figurations when the non-extremality parameter is taken to approach zero, i.e., when the 
configurations correspond to the BPS-saturated limit. 
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The paper is structured in the following way. In Section II, we obtain rotating, single 
M-brane solutions by uplifting the rotating solutions in lower dimensions. Based upon the 
observation made from the structure of the rotating single M-brane solutions, we infer the 
general algorithm for constructing the rotating intersecting M-brane solutions in Section 
III. In section IV, we check the general algorithm against the explicit rotating, intersecting 
M-brane solutions which are obtained by uplifting multicharged rotating solutions in lower 
dimensions. In Section V, we discuss the BPS limits of the explicit (intersecting) M-brane 
solutions derived in the previous sections. The conclusions are given in Section VI. 



II. SINGLE ROTATING M-BRANE CONFIGURATION 

Before we discuss explicit forms of the intersecting M-brane solutions, we fix our no- 
tations for the space-time coordinates. For an intersecting M-brane solution, the eleven- 
dimensional space-time coordinates are divided into the "overall world-volume coordinates" 
{t,yi, ...,yp_r), which are (time+internal)-coordinates common to all the constituent M- 
branes, the "relative transverse coordinates" {yp^r+i, ■■■,yp), which are internal to some of 
the M-branes, and the "overall transverse coordinates" (xi, Xio-p), which are transverse to 
all of the M-branes. Then, the rotating intersecting M-brane solutions depend on the eleven- 
dimensional space-time coordinates only through {r,9,ipi), where r = {xf + ■ ■ ■ + a;^Q_p)^/^ 
and [6, tpi) are the rests of the angular-coordinates of the transverse space other than the 
ones (pi associated with the rotational planes (see below for definitions). 

While non-extreme static solutions |I^ , p!3| are specified by the harmonic functions (as- 
sociated with the electric/magnetic charges) and the non-extremality function (associated 
with the mass m of the Schwarzschild solution) that depend on the charges and the non- 
extremality parameter, the rotating non-extreme solutions are specified in addition by non- 
zero angular momentum parameters /j, which enter the solution in terms of the following 
form of harmonic functions gt {i = 1, [^^j^])'- 

9^^^ + % (1) 



which appear in the metric also in combinations: 



D-2 

ci^ + Y,i^ lAdi^ fo^ even D 



^ lihi^ for odd D 



(2) 



and 



fo =Gd\{ 9^, (3) 



i=l 



where a and defined as: 

• Even dimensions D: 

Ui = sm9, ii2 = cos9 sinipi, 0,0-2 = cos 6* cos ^i ■ ■ -cos^p-s sin-;^c-4, 

2 22 

a = cosO cosipi ■ ■ ■ cosijjD^, (4) 
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• Odd dimensions D: 



/ii = sin6', = cos6'sin'?/'i, 

U d-1 = cos 9 cos Ipi - ■ ■ cos IpD-s . 

2 2 



/i D-3 = COS 6* COS ■ ■ ■ COS '?/'D^ sin ipo^ , 



(5) 



Here, D — 1 specifies the number of spatial transverse directions associated witli tlie 
rotational degrees of freedom. Note, that when the corresponding 11- dimensional solutions 
are compactified down to D space-time dimensions the role of parameters U is that of the 
angular momentum parameters of the Kerr-Neumann black hole solutions. The function 
Jd also modifies the harmonic functions associated with the charge sources of the static 
M-brane solutions. When the rotational parameters k become zero, Qi and Qd reduce to 
one and, thereby, the modified harmonic functions and the non-extremality functions of the 
rotating (intersecting) M-branes reduce to those of static (intersecting) M-branes. 

Non-extreme rotating membrane and five-brane solutions of the eleven-dimensional su- 
pergravity can be obtained by uplifting the nine {D = 9) and six {D = 6) dimensional 
charged, rotating black hole solutions, whose charges arise from one two- form U{1) gauge 
field of the NS-NS sector of toroidally compactified Type II string. These solutions were con- 



structed (in terms of fields of the toroidally compactified heterotic string) in Refs. |15,16 
Following the standard procedure discussed in Ref. [1^, we obtain the following form of 
"rotating" two- and five-brane solutions. 

The eleven-dimensional metric of the rotating membrane solution can be cast in the 
following form: 

dsj, = T-^/^ [T{-fdt^ + dyl + dyl) + f'-^dr^ 

ll cos^ 6 {ll sin^ ipi + ll cos^ ipi sin^ ip2 + l\ cos^ ipi cos^ 1P2) sin^ -m 
1 H 7. 1 7. do 
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^2 ty'2i 



+ + — -2 — + -2 j ^^^1 + + 



— — - I cos^ 6 cos^ '^Pidipl 



— 2 ^ cos 9 cos 'i/'i sin iIji cos ^/'2 sin ?/^2'^V'ic^V'2 

^ ll-ll sin^ ^2-/4 cos^ ^2 ... I ■ I I 

— 2 cos U sm 6 cos ipi sm ipidUdipi 

— 2-| cos 9 sin 9 cos^ ipi cos il>2 sin ^p2d9d'ijj2 

Amkfif cosh 6e Amljljiifii] 
toTdtdcpi H — '-foTdcpidcpj 

2 / , „ ^2m/2/i2\ 



(6) 



+ \ 9i + foT- 

where the modified "harmonic function" associated with the electric charge Q ~ 
2m cosh 5e sinh S^, source is of the form: 

T-^^l^hi^^^), (7) 
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and the non-extremality functions / and /', appearing respectively in front of dt^ and dr^ 
terms, are of the form: 



D 



2m 

r.D-3 



(8) 



D 



2m 



(9) 



Note that in the BPS-saturated hmit, i.e., the hmit in which m — » with me^^^ a finite 
constant, these non-cxtremahty functions reduce respectively to / = 1 and /' = Qd^- The 
non-zero components of the three-form field are of the following form: 



o(ii) _ 



'III I cosh 5e sinh (5e 

rD-3 



foT, 



^(11) _ 



2mli^1 si^h 

r.D-3 



fDT. 



(10) 



Here, in the above the number of the transverse spatial dimensions D — 1 is 8 and, therefore, 
2 = 1, ...,4. The ADM mass density Madm/V2 and the angular momentum densities Ji/V2 
per unit M 2-brane volume, and the electric charge Q are of the following form: 



Madm Smflr o e 
— (2 cosh Oe 



Vo 



SttG 



N 



1) 



^ mli cosh 6e, Q — cosh 6e sinh 6e, 



AttG 



N 



(11) 



where V2 is the volume of the 2-dimensional space internal to the M 2-brane, On is the 
eleven-dimensional Newton's constant, and denotes the area of the unit n-sphere. 

The following eleven-dimensional metric of the rotating M-five-brane solution can be 
obtained in an analogous way by uplifting the magnetically charged rotating solution in 
six- dimensions: 



p-2/3 



F{-fdf + dyl + --- + dyl) 



+ f-'dr' + rU[l + 



/? cos^ 6 ll sin^ 6 sin^ i)\ , 
- — 7. h 7, dO^ 



+ 1 + 



I2 cos^ -0 ' 



cos^ 9d^lP' — 2^ cos 9 sin 9 cos ■0 sin il!d9dtl) 



4m cosh S„ 



■foFih sin^ 9dtd(f)i + h cos^ 9dtd4)2) 



i.mlil2Cos'^ 9 siv? 9 sw? 'if) 
H n Id F a0i #2 



+ sin^ 9\gi + 



2mll sin^ 9 



+ cos^ 9 sin^ [92 + 



fnFj dcj>l 
2ml\ cos^ 9 sin^ if) 



IdF 



(12) 



Here, the modified harmonic function F ^ associated with the magnetic charge P 



2m cosh 5m sinh 5^ source is of the form: 
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F-^^l^fo{?^^). (13) 

where D = 6 (therefore, f^^ = Qi cos9 + g2 sin 9 in Eqs. ( [121) and (^)) and the modified non- 
extremahty functions are defined in Eqs. (^ and (|^) with D = 6. The non-zero components 
of the three-form field are of the following form: 

^5-102^ = -2m5(i/r, cosh 6m sinh 6m cos^ 9, 

(11) _ 2m/2/Dsinh(5,nSin^6' (n) _ 2m/i/j, sinh cos^ g , 

The ADM mass density Madm/V5 and the angular momentum densities Jj/Vs per unit 
M5-brane volume, and the magnetic charge P are of the following form: 

— - — = (cosh 6m + 2), — = — — — m/iCosh(!)m, P = cosh^^smh^^. 



(15) 



where V5 is the volume of the 5-dimensional space internal to the M 5-brane. 

III. INTERSECTION RULES 

Based on the structure obtained in the case of a single rotating membrane and five-brane, 
we can infer the rules for constructing the intersecting rotating M-brane solutions. Such 
rules can be checked by uplifting the corresponding charged, rotating black brane solutions 
in lower dimensions. Analogously to the case of intersecting non-extreme static M-brane 
solutions, one can construct the intersecting non-extreme rotating M-brane solutions by 
modifying the fiat eleven-dimensional metric, following the intersection rules (at least for 
the overall conformal factor and the internal part of the metric). 

The eleven-dimensional space-time, internal to the intersecting rotating M-brane config- 
uration, is specified by a "harmonic function" for each constituent M-brane (associated with 
the charge source) and the "non-extremality functions" (associated with the Schwarzschild 
mass), which are now modified by the functions Qd and fo (associated with the rotational 
parameters), defined in Eqs. (^ and (^). The space transverse to the M-brane refiects 
the axial symmetry that involves the charge sources as well as the rotational parameters. 
Note that such a non-extreme rotating configuration does not have an interpretation as an 
intersection of separate non-extreme rotating M-branes, but rather as a bound state solution 
with a common non-extremality parameter and common rotational parameters associated 
with the common transverse spatial directions. 

In the following, we shall specify the algorithm which would yield the intersecting non- 
extreme rotating M-brane solutions Q. (These intersection rules can be checked for specific 



^An analogous type of construction applies also to intersecting p-brane solutions in ten dimensions. 
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cases in which the exphcit dimensionally reduced solutions correspond to non-extreme ro- 
tating mult i- charged black hole solutions which have been explicitly constructed in [p!5| ,|T6[] . ) 
We shall summarize the algorithm in the following two steps. First, we shall identify the 
forms of the non-extremality functions and the structure of the transverse part due to the 
non-zero rotational parameters. We shall also identify the modified harmonic functions, 
associated with each M-brane source. As a step two, we shall spell out the modifications 
of the eleven-dimensional space-time due to both non-extremality functions and non-zero 
M-brane sources. 
Step I 

• First, one makes the following replacements in the Z)-dimensional (transverse) space- 
time parts of the metric: 

dt^ fdt^ , dxndxn f'^dr^ + r^dnl_2 , (16) 



where / and /' are the non-extremality functions defined as: 

f-^-f"^- f = e-o^-fo^- (17) 

with (yfj, Qx> and defined in Eqs. (|1|), (0) and (^, respectively. dQjj_2 is the angular 
parts of the rotating solution in D space-time dimensions. When all the charges of the 
(constituent) M-brane(s) are zero, dQjj_2 takes the following form: 

+ ^2 ^ ) ^ Wi - ■■ COS ipi_idip^ 

/2 - K 

— 2— — - — COS 9 cos ^pi - ■ ■ cos ijji-i cos ^pi sin ^pi■ ■ ■ cos ipj-i cos ijjj sin il)jdil)idil)j 



P - K 

fD^:^^dtd(f)i + /i^ \gi + fo j 

,2, ,2 



— — - — COS 9 sin 9 cos^ ^/^i ■ ■ ■ cos^ ipi-i cos ipi sin iljid9dtjji 



+ Jd — ' d(j)id(j)j, (18) 



where Ki in Eq. ( pISD are defined, in general, for a (D — l)-dimensional transverse 
space as: 

— Even dimensions D: 

Ki = if,, sin^ Ipi + ■ ■ ■ + /d_2 cos^ V'j ■ ■ ■ cos^ ipn-e sin^ ipD-4 , (19) 

~2~ 2 2 
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— Odd dimensions D: 



Ki = l^j^^ siv? + ■ ■ ■ + /d-3 cos^ i^i - ■ ■ cos^ i^D^ sin^ -^g-s 

+ Z o_i cos^ "jAi ■ ■ ■ cos^ i'D^ , (20) 



~ 2 

Here i,j in T/^j and 0, run from 1 to [^^j^] and from 1 to [■^^], respectively. When 
charges carried by intersecting M-branes are turned on, the above expression (|TB|) for 
dfljj_2 gets modified in the (pj) and {t, 4>i) components. 

Note dVt\)_2 in Eq. (|18|) corresponds to the angular part of the Kerr solution in D 
space-time dimensions and reduces to the infinitesimal length element of S^~'^ 
when all the angular momentum parameters U are zero. 

Each constituent membrane and five-brane are respectively specified by the following 
form of modified harmonic functions: 

rp-i r 2msinh^5„ 

= i + (21) 

These harmonic functions modify the overall conformal factor of the eleven-dimensional 
metric, as well as each metric component of the space-time internal to the configuration 
(see below). 

In the case when the M-brane solution has a null isometry, i.e., intersecting branes have 
a common string along some direction y, one can add a momentum along y by applying 
the following S0{1, l)-boost coordinate transformation among the coordinates t and 

y- 

t' = cosh 6 kkt - sinhS kkV, y' = - sinhS kkt + cosh SkkV (22) 
to the non-extreme rotating background. 

Then, the (t, t)- and {y, ?/)-components of the metric are modified as 

- fdt^ + dy^ ^ - fdt'^ + dy'^ 

= -dt^ + dy'^ + f D^^^^ (cosh Skkdt - sinh Skkdyf 

= -K-^fdi"^ + Kdy\ dy = dy+[K'-^-l]dt, (23) 

where 



^This procedure is analogous to the one used in introducing a boost along the common intersection 
of non-extreme static M-brane configurations ||T3|. 
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2msinh^(5fcfc 
K = 1 + fo- 



K'-' = l-f, ^'^^f/'' K-\ (24) 



In addition, (y^, 0j) components (corresponding to the induced magnetic field due 
to non-zero angular momenta) of the metric are induced and {t, (pi) components get 
modified. 



Step II 



The modified harmonic functions (|21| ) rescale the the overall conformal factor of the 
eleven-dimensional metric by factors T~^^^ and F~'^^^, for the membrane and five-brane 
sources 0, respectively, and therefore the conformal factor of the intersecting M-brane 
solution has the form: 

dsl, = il[Tn)-'^'iUFm)-'/'[---l (25) 



where the terms in the brace [■ ■ ■] are the rest of the metric that has to be constructed 
following along the lines spelled out bellow. 

The (t, t)-component in [■ ■ ■] of Eq. (|25| ) is modified in the following way: 

fir,e,^P,)dt' -> (^T„)(^i^™)/(r,^,^.)t^^^ (26) 

n m 

whereas the (r, r)-component in [■ ■ ■] remains of the form f'^^{r,9,%pi)dr'^. 

There is a factor of T„ for the (?/„, ya)-components (in [■ ■ ■] of Eq. (|25|) ), i.e., 
the components of the internal part of the membrane [five-brane] solution, for each 
constituent membrane [five-brane]. Therefore, the internal components are modified 
as: 

dyidyi + dy2dy2 — * T{dyidyi + dy2dy2), for a single membrane, 

dyidyi + ■ ■ ■ -|- dy^dy^ F{dyidyi + ■ ■ ■ + dy^dy^), for a single fivebrane, (27) 

and for an internal coordinate yc where membranes and fivebranes with harmonic 
functions and F„ intersect: 

dycdyc (11 (11 Fn)dycdyc. (28) 



^This structure is the same as in the case of static intersecting BPS-saturated [^,^ and non- 
extreme [OJl^ M-branes. 
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Note that p-branes of the same type can intersect over a (p— 2)-brane ^, i.e., membranes 
{p = 2) can intersect over a 0-brane and five-branes (p = 5) can intersect over a three- 
brane. A membrane and a five-brane intersect over a string. 

In addition, one can also incorporate the boost transformation (|2^) along the common 
string along the lines specified at the end of Step I. 

The angular component dQ'j^_2 in the transverse parts has information on rotations 
of (intersecting) M-brane(s). Prior to the knowledge of general construction rules for 
dflj^_2, the expressions for dQ'jj_2 can be inferred from the angular components of the 
D-dimensional charged, rotating black brane solutions with the same corresponding 
charge configurations. When all the angular momentum parameters k are zero, dQ'j^_2 
is given by the infinitesimal length element of ( "flat" ) S"^"^ even when M-brane charges 
are non-zero. However, once the angular momenta are turned on, the expression for 
dQ'jj_2 is altered due to the non-zero M-brane source charges and becomes increasingly 
complicated with the increase in the number of M-brane sources. 

We were able to find general rules for constructing the transverse part of intersecting 
two and three M-brane solutions with non-zero [-^^] angular momentum parameters 
of the D-dimensional transverse space-time |. In these cases, the expressions for dQ'j^_2 
are given as follows: 

(1) Configurations with intersecting two M-branes: 



( /f+i cos^ jjj K,+i sin^ ipi \ 2n 2 I 2 I 

-I- 1 H — - — 1 cos cos ipi - ■ ■ cos ipi-idip. 



/2 - K 

2- — ^ — - cos^ 9 cos^ ipi - ■ ■ cos^ ipi-i cos ipi sin ipi - ■ ■ cos^ i^j-i cos sin i/jjdi/jidiljj 



— 2 — '^'^^ ^ ^ V^i ■ ■ ■ cos^ ipi-i COS Ipi sin ipidOdipi 

Amlifx] cosh Si cosh S2 , ^ ^ , , 
fnHiH2dtd(l)i 



j,D-l 



2mlfisf ( 2msinh^ 5i sinh^ 

Qi + jDJ^itl2 — fT-— \ i- Jd- 



^These rules were first described in Ref. by using the space-time dimensionality argument of 
the M-brane solutions in Ref. and can be checked by explicit embeddings of lower dimensional 
black hole solutions into eleven-dimensions. These rules are also compatible with the intersection 
rules for D-branes |2C] of D = 10 Type II string theory. 



^In some of these cases, the corresponding rotating solutions in the compactified lower-dimensional 
theories are known. On the other hand, we do not have a general algorithm for the transverse part 
of the intersecting four M-branes. 
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+ ^D-i U - J fDHiH2d(P,d(P„ 



where Ki^s are defined in Eqs. (|T9D and (^) and the modified harmonic functions Hm 
specifying each constituent M-brane (with electric charges Qn), are given by 

1 „ 2m sinh^ S„ , . . 

H^'^I + Id ^^_3 (n = l,2). (30) 



(2) Configurations with intersecting three M-branes and D — 1 = A transverse spatial 
dimensions (i.e., a configuration corresponding to three membranes intersecting at a 
point): 



= {gi cos^ + 92 sin^ 
2m 



+ 



4m cos^ 9 sin^ 9 



2m 



kk sinh^ (^n sinh^ (5„ 



+ /d— <(/? + ^2) n cosh 5i sinh 5^ - 2/1/2 H ^inh^ (5i 



r 

/z)f/'li/2-f^3#l#2 



4m sin ^ 

4m cos^ 9 



k Y\_ cosh 6i — fk Y\. siiih 6i fnHiH2H3dtd(f)i 

\ i if 

k n cosh 5i - fk n sinh 5i fDHiH2H3dtd(j)2 



+ sin 



\-i , / ^i-^? /^^-i , ^ 2msinh'(5, 



2mlj 



fDHiH2Hs 



I ^ I ti X! sinh^ 5m sinh^ 5„ — 2/1/2 U cosh 5n sinh 5^ f^HiH2H3 

n / 

2m sinh^ 5„ ^ 



-,2 , 



+ cos^ 6^ 
4m^ 



/z^^ + l^f/z^^ + E .2 



2m/2' 



fDHiH2H3 



+ 



if ^ sinh^ 5m sinh^ 5„ — 2/1/2 Y\. cosh 6n sinh (5„ ] f^HiH2H-i 



where the modified harmonic functions associated with the charge sources Qn are given 
by 



H. 



-1 



1 + / 



2m sinh^ 5r, 



D- 



(n = l,2,3) 



(32) 



with /^^ = Qi cos^ 9 + g2 sii? 9. 

For the non-zero components B^^j^^p of the eleven-dimensional three-form field B, which 
can be obtained by uplifting the Z)-dimensional expressions for two-form U{1) fields 
and the two-form field, we were able to obtain a general rule for the case of intersecting 
membranes. That is, for intersecting membranes (intersecting at a point) each with 
electric charges Qn and internal coordinates ya„ and yb„: 
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(11) _ 2m cosh 5n sinh 5^ 
(11) _ 2mlifi^ sinh (5„ ^ 

^0ia„6„ JD^n- [M) 

For other types of intersecting M-brane configurations discussed in the following sec- 
tions, we have not found a general pattern for the three-form fields, and, therefore, we 
simply refer to the following sections for the expressions in these cases. 

We can now illustrate the above algorithm from several examples of explicit eleven- 
dimensional solutions uplifted from the known lower- dimensional non-extreme rotating black 
hole solutions. Specifically, the single rotating membrane and five-brane described in the 
previous section are of the form satisfying these rules specific for D = 9 and D = 6. 

In the following section, we turn to the case of intersecting M-branes and explicitly check 
the algorithm by uplifting the corresponding mult i- charged, non-extreme, rotating solutions 
to the eleven dimensions. 



IV. INTERSECTING ROTATING M-BRANES 

A. Intersection of two Af-branes 

Prior to the knowledge of the algorithms described in the previous section, one can con- 
struct the intersecting M-brane solutions with two charges by uplifting the lower- dimensional 
black hole solutions carrying two charges of two-form U{1) gauge fields associated with the 
NS-NS or RR sector of toroidally compactified Type II string [0,11^ . 



The eleven-dimensional metric Cjv^/j^ is related to the D-dimensional (Einstein-frame) 
metric Qf^i^ in the following way. First, we construct the ten-dimensional metric G^/^^^ follow- 
ing the standard Kaluza-Klein Ansatz given by: 



where <y9 = $ — | In detCm^ is the D-dimensional metric (this definition of if is used to 
construct the ten-dimensional dilaton ^ from the D-dimensional solutions for and Gmn) 
and a = Then, we construct the eleven-dimensional space-time metric from the ten- 

dimensional metric and dilaton using the Kaluza-Klein Ansatz corresponding to the com- 
pactification from the eleven dimensions to the ten dimensions: 

^(11) _ / e~fGji^°^ ei*5M\ for\ 

where Bm is the ten-dimensional f/(l) field in the RR-sector of type-IIA string. Also, 
the ten-dimensional two-form field ^ in the NS-NS sector and three-form field -6^^°^ in 
the RR sector are defined from the eleven-dimensional three-form field -B^/^p as -B^/jvp = 

/^(lO) ^(11) ^5(10)n 
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In order to obtain all the possible intersecting two M-brane solutions, we begin with the 
intersecting M-brane solution whose lower- dimensional counterpart is explicitly known. The 
only such an intersecting M-brane solution available at this point is the rotating M-brane 
solution corresponding to intersection of membrane and fivebrane intersecting at a string 
(2 ± 5). Such a solution can be obtained by uplifting five- dimensional rotating black hole 
solution {D = 5) [|15| carrying the electric charge of the NS-NS two-form U{1) gauge field 
and the electric charge associated with the NS-NS two-form antisymmetric tensor (or the 
"magnetic" charge of the corresponding uplifted eleven-dimensional three-form field) of the 
toroidally compactified heterotic string . The eleven-dimensional metric is of the form: 

rfs^ = ir-2/3y-i/3 \^FT{-fdt^ + dyl) + F{dyl + dyl + dyl + dyl) + Tdyl 

where the modified harmonic functions corresponding to membrane charge source Q ~ 
2m cosh 5e sinh 5e and five-brane charge source P ~ 2m sinh 5m cosh 5m are respectively given 
by 

2m sinh^ 5n 



,2 



5 



F-=l + !d- ^, 

. 1 + (37) 

with /^^ = Qicos^O + sin^ 6'. Here, the angular component dVL\ is defined in Eq. (P^, 
and the non-extremality functions / and /' are respectively given by Eqs. (§) and (^) with 
D = 5. Non-zero components of the eleven- dimensional three- form field are given by 

(11) _ 2m cosh (5e sinh (5e 

— JdJ- , 

^ii4,2G = ^2m cos^ 9 cosh 5m sinh 5m (gi + '^^'^^^^^^ j T, 



(11) 2m/2 sin^ cosh 5e sinh 5m (n) 2m/i cos^ 6^ cosh 5e sinh 5^ ^ „ 

^t^i6 = JD-I- , iSj<^26 = JD-L , 

(11) 2m/i sin^ 6' sinh 4 cosh 5„ (n) 2m/2 cos^ 6* sinh 5e cosh 5^ 

^cPiW ^ JD-^ , i^^2l6 ID-L ■ I38j 

The ADM mass density Madm/Vq and the angular momentum densities Ji/V^ per unit 
intersecting M2-brane and M5-brane volume, the electric charge Q, and magnetic charge 
P are of the following form: 

Madm_ ^ |!!^(2 cosh^ 5e + cosh^ 5m), 77" = ■ ^ mli cosh 4 cosh^^, 

Q = , cosh 5e sinh 5e, P = 7-^7^ cosh 5m sinh 5m, (39) 

where Vq is the volume of the 6-dimensional space internal to the intersecting M2-brane 
M 5-brane. 

The rest of the intersecting two M-brane solutions, i.e., two membranes intersecting at a 
point (2 _L 2) and two five-branes intersecting at a three-brane (5 _L 5), can be obtained by 
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imposing the T-duality transformation of the toroidally compactified type-II string on the 
above intersecting membrane and five-brane solution (2 _L 5) compactified on a torus. The 
T-duahty transformations of the toroidally compactified type-II string transform type-IIA 
[type-IIB] (intersecting) M-brane solutions into type-IIB [type-IIA] (intersecting) M-brane 
solutions, while dualizing the overall world-volume directions and the overall transverse 
directions into each other, and dualizing the relative transverse directions internal to one M- 
brane to the ones internal to the other M-brane. For the type-II string with the coordinate 
X compactified on a circle, the relevant parts of the T-duality transformations necessary in 
constructing the eleven- dimensional metric of the intersecting two M-branes are given by ^ 



In general, only T-duality transformations that decrease the dimensionality of the overall 
transverse directions guarantee that the T-dualized solutions satisfy the Euler-Lagrange 
equations, since the other types of T-duality transformations introduce additional transverse 
spatial coordinates that the transformed solutions are required to depend on. But since there 
is only a limited number of available known explicit solution (i.e., only 2 ± 5 configuration) 
from which we have to construct other types of intersecting two M-brane solutions through 
the T-duality transformations, we shall also use the types of T-duality transformations 
that increase the number of dimensions of the overall transverse directions. Namely, we 
shall assume that the T-dualized solutions depend on the new introduced transverse spatial 
coordinate, say Xio-p, as well, through the radial coordinate r = {x\ + ■ — h x^Q_p)^/^ of the 
transverse space, rather than becoming delocalized p^ . 

The intersecting two membrane solution (2 ± 2) in eleven dimensions is obtained as 
follows. One first compactifies the coordinate of the solution (^) on a circle to obtain 
the type-IIA string solution where membrane and four-brane intersect at the coordinate 
Hi. Then, one imposes T-duality transformation along the coordinate yi compactified on a 
circle, resulting in an intersecting p-brane solution in type-IIB string where the string and the 
three-brane intersect over a zero-brane. One transforms this type-IIB solution into a type- 
IIA solution by imposing a T-duality transformation along the coordinate 1/4 compactified 
on a circle, resulting in a two membranes intersecting at a point. Finally, one uplifts this 
type-IIA solution to eleven dimensions to obtain the intersecting two membrane solution. 

The explicit form of this rotating M-brane solution is then given as follows: 



^The complete T-duality transformation of the type-II string compactified on a torus can be found 






-|- (1 + — — - — ) cos^ Odip'^ ^2-^ cos 9 sin 9 cos -ip sin ■ipd9 dtp 



)d9^ 



in Ref. [||]. 
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Amliljufn'] 2m sinh^ 5i sinh^ ^2 



(41) 



where the modified harmonic functions T„ associated with electric charges Qn are given by 

1 „ 2m sinh^ 5n , , 

T-^ = l + /^ n = l,2 (42) 

and / and /' are given in Eqs. (^ and (|^) with D = 1 . The non-zero components of the 
eleven- dimensional three-form field are given by: 

(11) _ 2m cosh bx sinh 5i (n) _ 2mli[i\ sinh , „ 
^ty^y2- ^<^my2 JdJ-i 

(11) _ 2m coshes sinh (52 . ^{ii) _ 2mZi/i2 sinh ^2 , . 

^ty^VA- —A JDl2, ^4>ryzyi- —i JdJ-^- I4dj 

The ADM mass density Madm/Va: and the angular momentum densities Ji/Vi per unit 
intersecting two M 2-brane volume, and the electric charges Qn {n = 1, 2) are of the following 
form: 

(2cosh2 5i + 2cosh2 62 - 1), 
mli cosh 61 cosh 62, 

cosh 6n sinh 6n, (44) 



Madm 


3mf25 












AtiGn 


Qn 


Smf^s 





where V4 is the volume of the 4-dimensional space internal to the intersecting two M 2-brane. 

The intersecting M-brane solution where two five-branes intersect over a three-brane 
are obtained as follows. First, one compactifies the coordinate 02 of solution (^) (with 
I2 = 0) on a circle to obtain intersecting two membranes. Then, one imposes the T-duality 
transformation along the coordinate yi compactified on a circle to obtain type-IIB solution 
of two three-branes intersecting at a string (along the coordinate yi). This solution is 
transformed into type-IIA solution of two four-branes intersecting at a membrane (along 
the coordinates yi and 1/5), by applying the T-duality transformation along the coordinate 
?/5 compactified on a circle. Finally, one uplifts this solution to eleven-dimensions to obtain 
two five-branes intersecting at a three-brane. 

The final form of this rotating M-brane configuration is given by: 

ds^ = F^^'^F^^'^ [F,F2{-fde + dyl + dyl + dyl) + F,{dyl + dyl) + F2{dyl + dy?i) 

^/ 1 , 9 9 f ,/i9 4mZ sin^ 6 cosh 5i cosh 82 ^ , , , 

+ f'-^dr^ + <^ de^ -fnFiF2dtd(j) 

r 



9 . ^^2171^8110^9, ^ 2m sinh^ 5i sinh^ (^2 XT , ,9 
+ sin^ 9[g + fnFiF2 (1 - fo -)W 



(45) 
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where the modified harmonic functions specified by magnetic charges Pn are given by 

1 „ 2m sinh^ §„ , . 

F-' = l + fD -, n = l,2, 46 

r 

with f^^ = g cos^ 6 + sin^ 6. The non-zero components of the three-form field are given by 

2m//osinh 6i cos0 (n) x • x a 

BIqY = ^ , 5^67 = -^^9 Id cosh smh bi cos 0, 

(11) 2m//Dsinh(52Cos0 (n) x • x /3 

5^45' = — , 5^45' = -2m5(/£, cosh ^2 smh d2 cos fc'. (47) 

Here, in the above g = 1 + The ADM mass density Madm/Vj and the angular momentum 
densities J^/V^ per unit intersecting two M5-brane volume, and the magnetic charges Pn 
{n = 1,2) are of the following form: 

n 

(cosh^ 5i + cosh^ (52 + 1), 
mli cosh 61 cosh52, 

cosh 6n sinh (48) 



Madm 




V7 










AttGn 


3mQ2 


Pn = 





where V7 is the volume of the 7-dimensional space internal to the intersecting two M5- 
branes. 

One can check that the above M-brane solutions for intersecting two M-branes (2 ± 5, 
2 ± 2 and 5 _L 5) satisfy the general intersection rules discussed in the previous section. 



B. Intersection of three M-branes 

The case of intersecting three M-branes can be obtained by uplifting the five- dimensional 
rotating black hole solution constructed in Ref. |T^. Namely, when the five-dimensional 



three-charged rotating black hole solution in Ref. is uplifted to transverse space-time 
components of the eleven dimensions assuming that all the three charges are originated 
from the eleven-dimensional three-form field [], the {t, t)-component of the metric has a 
suggestive form as a product of three modified harmonic functions, with each modified 
harmonic function corresponding to each non-zero M-brane source charge, in agreement with 



^Note, one of these three charges of the solution in Ref. is the electric charge of the Kaluza- 
Klein U (1) gauge field (i.e, the electric charge associated with the 5*0(1, 1) boost along the isometry 
direction). However, this assumption can be justified by the fact that the solution in |15] is the 
generating solution for the most general solution and, therefore, can be related to the rotating 
solution with all the three charges associated with the eleven-dimensional three-form field through 
f7-duality (of the five-dimensional type-II string theory), which do not change the Einstein frame 
space-time. 
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the intersection rules discussed in the previous section. Therefore, we shall take the angular 
component dQ^ of the intersecting three M-brane with the transverse spatial dimension 
D — 1 = 4 to be the corresponding angular coordinate components of the three-charged 



five-dimensional rotating black hole solution constructed in Ref. |]15 



The M-brane solution where three membranes intersect over a zero brane (2 ± 2 ± 2) 
has D — 1 = A transverse spatial dimensions. Such a configuration should have the form 
following the general intersection rules discussed in section III with the angular component 
dQ"^ given by the corresponding angular components of the five-dimensional, rotating, three- 
charged black hole obtained in Ref. ||T^ . The explicit form of the rotating M-brane solution 
where three membranes intersect (2 ± 2 ± 2) is then given by: 

dsl, = {T,T2T,)-^''' [-TiT^Tsfdt' + T,{dyl + dyl) + T^{dyl + dyl) + T:,{dyl + dyl) 

fdr^ + r^dfi^j (49) 

where the modified harmonic functions corresponding to the electric charge Qn ~ 
2m cosh 5n sinh 5„ sources are given by 

^ 1 „ 2m sinh^ 5.„ , . 

T-^^I + Zd n = l,2,3, (50) 

with f'^ = gi cos^ + g2 sin^ 9. Here, the angular component c/fi| is given by Eq. (|31|). 
The non-zero components of the harmonic functions are of the following form: 

(11) _ 2mcosh5isinh5i (n) _ 2m/i/i2 sinh 5i 
-Dti2 - o jD^i, -D<A,i2 5 JD-Ll, 



^2 •''^^1' -^0>12 - ^2 

(11) _ 2m cosh (52 sinh (52 (n) _ 2m/i/i2 sinh (52 

^0,34- :^ JD^^. 



2, 



(11) 2m cosh (53 sinh ^3 (n) 2mlifxf sinh S3 ^ , . 

^tm - —2 JDl^, i30,56 —2 JD-I-^, (Oij 

where /zi = sin^ and /i2 = cos^. 

The ADM mass density Madm/V^ and the angular momentum densities Jj/Ve per unit 
intersecting three M2-brane volume, and the electric charges Qn {n = 1,2,3) are of the 
following form: 

Q_n_ ^^^^^ ^ ^ ^^^^^ ^ ^ ^^^^^ (53-3), 
m(/i JJcosh^j — /2nsinh5j), 

i i 

m{l2 JJcosh(5j — li ]^sinh(5j), 

i i 

cosh 5^ sinh (5„, (52) 



Madm 


3mfi3 






Ji 


^]3 






J2 


^3 




AttGn 


Qn 




AttGn 



where Ve is the volume of the 6-dimensional space internal to the intersecting three M2- 
branes. 
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C. Intersection of four M-branes 



As for the intersecting four M-brane solutions, there is no available lower dimensional 
rotating charged solution to which the intersecting four M-brane configuration would be 
directly related via dimensional reduction. The explicit general rotating black hole solu- 
tion with four non-zero charges, obtained in Ref. |2^, carries two electric charges of the 
Kaluza-Klein U{1) and two-form U{1) gauge fields and two magnetic charges of the Kaluza- 
Klein U{1) and two-form U{1) gauge fields. In principle, by applying ^/-duality transfor- 
mations (e.g., 0(5,5) transformations of Type II theory in six-dimensions p5|j26[| ) on this 
known solution one should be able to relate the transformed solution to the intersecting 
configuration of rotating four M-branes (i.e., 2 ± 2 ± 5 _L 5) or the intersecting configura- 
tion of rotating three M-branes with a boost along the common intersection direction (i.e., 
5 ± 5 _L 5 + boost). 

We postpone such a study and, following the intersection rules of Section III, we simply 
present a general structure for the intersection of two membranes and two fivebranes (2 _L 
2 ± 5 _L 5), which becomes, after a dimensional reduction, a four-dimensional rotating black 
hole with four-charges. Such an intersecting M-brane solution has the following structure: 

dsl, = (TiT2)-i/3(FiF2)-2/3 [-T^T^F^F^fde 

+ Fi{Tidyl + T^dyl) + F2{Tidyl + Tarfy^) + FiF2{dyl + dyl + d?/?) 

where the "modified" harmonic functions Tj and Fi associated, respectively, with the electric 
charges Qi ~ 2m cosh sinh (5ei and the magnetic charges Pi ~ 2m cosh. 5 pi smb. 5 pi, and the 
non-extremality functions are given by 

/-l-/.^//'-/ofl + 4--). ' (54) 

where /^^ = 1 + ^ . Here, the explicit expression for dVt\ is not known yet. 



V. INTERSECTING M-BRANE SOLUTIONS WITH A BOOST 



Prior to the knowledge of general M-brane construction rules, rotating M-brane solu- 
tions with a boost along a null isometry direction are obtained by uplifting lower- dimensional 
rotating charged solutions carrying Kaluza-Klein electric charge. Such a Kaluza-Klein elec- 
tric charge can be viewed as a boost along the internal isometry direction (or the internal 
momentum) from the viewpoint of the lower- dimensional black hole solutions, and when 
it is uplifted to ten dimensions it corresponds to the momentum of the string along the 
compactified direction. 

For example, the following intersecting five-brane and membrane with a boost along 
the intersection coordinate yi is obtained by uplifting the general class of five- dimensional 
rotating charged black hole solution in heterotic string to eleven dimensions: 
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4m sin^ 6 



FT{-K-^fde + Kdyr ) + F{dyl + • • • + d^/g^) + Tdyl 



+ 



+ 



4m cos^ 6 



{h sinh cosh Se cosh 5^ — ^2 cosh 5kk sinh (5e sinh Sm)fDTFd(f)idyi 
{I2 sinh cosh 5e cosh 5^ — /i cosh 5}~k sinh 5e sinh 5jn) foT Fd(f)2dyi 



+ f-'dr' + <^ (^1 cos^ 9 + g2 sin' e)de' + 



4m/ 1/2 cos^6'sin^6' 



^ 2msinh^(5^sinh^ ^e ^^ T?rr^A 
x(l - /d )fDFTd(pid(p2 



{li cosh 5e cosh 5^ cosh Skk — hf sinh Se sinh 5^ sinh Skk)K ^FTdtdcf) 



4msin ^ _ 
4??T- cos^ 

{I2 cosh 5e cosh cosh 5kk — /i/ sinh 5e sinh 5m sinh dkk)K~^ FTdtdd)2 



+ 51 + /i^FT 4 1 - /d 



2^i^2a 2m sinh^ 5™ sinh' S, 



,2 



)] sin' 9d(f)l 



^ r ^ / p^2m/icos'e 2m sinh' 5„ sinh' 5e., 2zj r,2' 
+ [^2 + /d-F^T (1 - fo 5 )] cos ed(l)2 



(55) 



where the modified harmonic functions F, T and K associated with the electric Q ~ 
2m cosh 5e sinh magnetic P ~ 2m cosh 5^ sinh 5^ and boost Qkk ~ 2m cosh sinh 
charge sources are given by 

77-1-1 , f 2m sinh' 5^ 

^ =i- + jD 5 , 



T-' = l + f. 



2m sinh 5p 



D- 



K=l + fD 



2m sinh' Skk 



(56) 



and the modified infinitesimal length element dyi of the intersection coordinate yi is given 

by 



dyi = dyi + {K'-^ - l)dt, K 



2m sinh 5kk cosh 5kk ._i .^-i 
-9. Jd ^ 



(57) 



The non-zero components of the three-form fields are given by 
(11) 2m cosh 5e sinh 5e 



-Dae — 5 ) 



5(11) 



B 



B 



B 



t<f>26 

(11) 

116 



—2m cos' 9 cosh 5m sinh Sm \ gi + 



2m fo sinh' 5e 



T, 



(11) 2m sin' 9{l2 cosh sinh 5m cosh 6kk — h sinh 5^ cosh dm sinh Skk) 



2m cos' 9{li cosh 5e sinh 5m cosh 5kk 


— Z2 sinh Se cosh 5^ sinh Skk) 


2m sin' 9{l2 cosh 5e sinh 5^ sinh 6kk ■ 


- 1 1 sinh 5e cosh Sm cosh 5^^) 



foT, 
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(11) 2mCOs'^ 9{liCOshSeSmhSrnSmhSkk - hsmhSeCOshSrnCOshSkk) r rr lr-Q\ 

^4>2i& 12 ■ y^°) 



The ADM mass density My^^Af/Vg and the angular momentum densities Jj/Vg per unit 
intersecting M2-brane and M5-brane volume, the electric charge charge Q, magnetic charge 
P, and the Kaluza-Klein electric charge Q^^ are of the following form: 

MadM Smfis ,2 r , 1,2 e , o 1,2 



Jl ^3 



2 cosh 6e + cosh 6.m + 3 cosh 6kk — 3), 
m(/i cosh 6e cosh 5^ cosh 6kk — h sinh 5e sinh 5^ sinh 5^^) 



47rG'Ar 

= rn{l2 cosh (5e cosh 5^ cosh 5kk — h sinh 6e sinh 5^ sinh (5fcfe), 

Q = -r-Fr- cosh sinh 4, P = ^ cosh 5^ sinh Sm, 

Qfcfc = o cosh 5kk sinh 4^, (59) 
ovrG AT 

where Vg is the volume of the 6-dimensional space internal to the intersecting M2-brane 
and M5-brane. 

Note that when 6e = (and, therefore, T^^ = 1) [6m = (and, therefore, = 1)], 
the solution (|55|) reduces to a special case of a rotating five-brane with a boost [a rotating 
membrane with a boost]. 

It would be of interest to find the explicit expression for intersecting three fivebranes with 
a 5*0(1, 1) boost along the common string (5 _L 5 _L 5 + boost). Such a solution becomes 
the four- dimensional rotating black hole with four charges, after the compactification, and is 
related to the four- dimensional rotating solution constructed in Ref. through ^7-duality 
transformations of the toroidally compactified, six-dimensional type-II string. 



VI. BPS LIMITS 

In this section, we shall discuss BPS limits (i.e., the limit in which the ADM energy of the 
M-brane configuration saturates the BPS bound) of rotating intersecting M-brane solutions. 
For the case of static, spherically symmetric solutions, the BPS-saturated solutions are a 
subset of extreme solutions (defined as solutions for which the event horizon and the Cauchy 
horizon coincide), but not all of the extreme solutions correspond to the BPS-saturated 
solutions |. However, when the angular momenta are non-zero, the BPS limit and the 
extreme limit are not correlated. For a generic rotating charged solution, the extreme limit 
is reached before the BPS limit is reached. Thus, most of BPS-saturated rotating solutions 
have a naked singularity. 

For solutions embedded in supergravity theories, the BPS-saturated solutions preserve 
some of super symmetries. The BPS limit is of special interest since (in the case of > 4) 



See Refs. |24,27| for some of examples of non-BPS extreme solutions. Also, Ref. 
systematic criteria for determining the BPS nature of extreme solutions. 



discusses 
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supersymmetry protects classical solutions from being modified by quantum corrections, and 
therefore one can trust their classical form. In particular, those are solutions which have 
been studied in detail in order to shed light on the connection between the thermodynamic 
and statistical (microscopic) origins of their entropy. 

In the following, we shall obtain the explicit forms of the BPS limits for intersecting 
rotating M-brane solutions discussed in the previous sections. The BPS limit is achieved by 
taking the boost parameters (5's to infinity and the non-extremality parameter m to zero in 
such a way that the charges carried by the intersecting M-branes are kept as finite constants. 
On the other hand, the rotational parameters /j are kept finite in general, however, in this 
case they may produce singular BPS solutions upon compactification to lower dimensions 
(see below). 

Note that such explicit solutions might shed light on the understanding of the microscopic 
entropy of rotating BPS-saturated black hole solutions f\ from the point of the M-brane 
picture. 



A. Singular BPS limit 

For BPS limits, with angular momentum parameters kept as non-zero constants, most 
of the charged, rotating black holes exhibit a naked singularity|^. This is also the case for 
the corresponding BPS limits of rotating intersecting M-branes, constructed in the previous 
sections. Namely, when we take the limit m —>■ with Zj kept as non-zero constants, the 
event horizon (defined as roots r = th of the equation G^^^^^^ = 0) disappears. Thus, a 
singularity, which the rotating, intersecting M-brane solutions may have, becomes a naked 
singularity. Therefore, in order to reach the regular BPS limit (i.e., the limit in which regular 
horizon exists in directions transverse to the M-brane), one has to take the angular momen- 
tum parameters to zero, thus resulting (in most cases) in static charged configurations. Even 
though the BPS solutions with non-zero rotational parameters, which have a naked singular- 
ity, may not have an immediate relevance for the study of their thermodynamic properties, 
we shall present them anyway. In addition, we shall also present non-singular BPS limits 
for some of (intersecting) rotating M-brane solutions derived in the previous sections. 

The singular BPS limit (i.e. the limit in which the space-time transverse to the configu- 
ration has a naked singularity) corresponds to a limit with 6's —>■ oo and m — > in such way 
that charges remain as finite constants (i.e. Q„ ~ Q„ = 2m sinh 5„ cosh 5„ = 2m(sinh5„)^) 



^In [^], it was proposed that such a naked singularity of BPS-saturated rotating black holes 
can be resolved by a generalized dimensional reduction (i.e., the dimensional reduction including 
massive Kaluza-Klein modes as well) of the corresponding higher-dimensional solution, which has 
a milder singularity, thereby making it possible to analyze the thermodynamic entropy of such 
singular solutions. 

^OPor the space-time dimensions higher than D = 5, the charged rotating black holes with one 



non-zero angular momentum have regular horizon in the BPS limit |3C] 



21 



while the angular momentum parameters /j arc kept finite. In this case, the non-extremality 
functions and the modified harmonic functions take the following forms: 



(60) 



In the following, we shall first obtain the singular BPS saturated solutions of a single mem- 
brane and a single five-brane, and then find expressions for singular BPS limits of intersecting 
two M-branes. 
• single M-brane 

The singular BPS limit of a membrane: 



T{-dt^ + dyl + dyl) + Godr^ 
2 J / If cos^ 6 {I2 sin^ ipi + ll cos^ ipi sin^ 1/J2 + l\ cos^ cos^ ■^2) sin^ 6 \ ^ 



+ 1 + 



l\ cos^ ■i/'i l\ sin^ sin^ '^2 



+ 



cos^^d^?+fl + i^ 



cos^ Q cos^ ^id^l 



- 2 

- 2 



ll — ll sin^ ^02 — ll cos^ V2 
ll - /| sin^ ip2 - ll cos^ ip2 



cos^ 9 cos 'i/^i sin ipi cos ■1/^2 sin ip2dipidip2 
cos ^ sin ^ cos V'l sin t/jidOdi/ji 



/2 

2 "I cos 6* sin 6* cos^ ipi cos V^2 sin ip2d9dip2 + Qil^td^). 



2 



(61) 



where the modified harmonic function T associated with the electric charge source Q is of 
the form: 



(62) 



The non-zero component of the three-form field is given by 



B 



(11) 

tl2 



y-1 



The singular BPS hmit of a five-brane: 



dsl^ = F{-dt^ + dyl + ■ ■ ■ + dy^ 



2^ 

2 ■„2 



+ 1 + 



Ij cos^ ip ' 



/f cos"' 9 q sin 6^ sin ip 

-,2 /) 7 /,2 o''2 



(63) 



cos 6'(i'0 ~ 2 — cos ^ sin ^ cos ip sin ipd9dip 



+ gi sin^ -I- ^^2 cos^ 9 sin^ V'c^02} 



(64) 



where the modified harmonic function F associated with the magnetic charge source P is 
given by 



(65) 
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The non-zero component of the three-form field is given by 

-VgJocos'e (66) 
Note, in the BPS hmit the angular momenta of single M-branes become zero (as one can 



5(11) 



see from the expressions for angular momenta Ji in Eqs.([TT|) and ([T5|)), while the metric is 
non-trivially modified due to non-zero rotational parameters li since we are keeping U in 
the solutions Eqs.(D and (p!2| ) as non-zero constants. 
• Intersecting two M-branes 

The singular BPS limit of an intersecting membrane and five-brane: 

ds^ = F-^I^T-'^/'^ \FT{-dt^ + dyl) + F{dyl + dyl + dyl + dyl) + Tdyl 



+ Godr"^ + I [gi cos^ + g2 sin 
sin^ e 



2 2QVhhcos''9smH . 
fo FTd(f)id(f)2 



foFTdtd<P, - ^^^f"^'^ fDFTdtd<P, 



+ \9i 



QVll sin^ e 



f^FT sm Odcj)^ + U2 7. foFT cos ^-'-^ 



2' 



(67) 



where the modified harmonic functions T and F associated with the electric Q and magnetic 
P charge sources are given by 



T-i = 1 + fS, = 1 + fiZ. 



(68) 



The non-zero components of the three-form field are of the following form: 



r(11) _ rp-l p 



(11) 



-Vcos'e{g, + ^f\ T, 



^(11) _ kVOPsm^e ^ (11) _ hVWcoli 



5 



(11) 
</>il6 



hVQP sinH 



foT, 



B 



(11) 

0216 



/2V^COs2e 



(69) 



The singular BPS limit of intersecting two membranes: 

ds" = T^^'^T^^'^ [-TiT2de + Ti{dyl + dyl) + T2{dyl + dyl) 

^ , f / /?cos^6' (/osin^?/' /o cos^?/') sin^^\ ,^0 



+ 1 + 



I2 COS^ if) ' 



r 

-,2 /I J„;,2 



COS 9dip — 2 — cos sin 9 cos sin ipd9dip 



2v/Q^/./if 



QiQ24V^' 



fDTiT2dtd(f)i + /i- 



' /|,TiT2 



,10 



11 



This may be an example of a violation of classical "no-hair" theorem. Another example can be 



found in Ref. |31]. 
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-z /dJiJ2': 



(70) 



where the modified harmonic functions T„ associated with the electric charge sources Qr 
are given by 



-1 



1 + / 



Qn 



D- 



(n = 1,21 



The non-zero components of the three-form field are given by 

r(11) _ T^-l r(11) _ T^-l 

The singular BPS limit of intersecting two five-branes: 



(71) 



(72) 



-2/3 p-2/3 



+ sin^ e ( g 



FiF2{-dt^ + dyl + dyl + dyl) + Fi{dyl + dyl) + ^2(^7/^ + rf?/?) 

fDFiF2dtd(f) 



2 2v/P^/sin2^ 



PiP^/^ sin^ e ' 

-4 /d^1^2 



(73) 



where the modified harmonic functions F„ associated with the magnetic charge sources P„ 
are given by 



F-' = l + f, 



I n 



D- 



(n = l,2). 



(74) 



The non-zero components of the three-form fields are given by 



B 



(11) 

<t>Q7 



'Vigfo cos e, 5j,45^ = -V2gfD cos e. 



(75) 



B. Regular BPS limit 

Again for generic non-extreme, charged, rotating black holes, when the regular BPS 
limit is reached, the solutions reduce to static solutions. However, for the general five- 
dimensional rotating black holes with three charges, one can reach the regular BPS limit, 
i.e. the BPS limit with a regular horizon, with non-zero angular momenta by choosing one 
linear combination of angular momenta to be non-zero (see e.g., p2| , p!5| ). 

For the intersecting M-brane solutions with three charges (which is compactified to 
the above general class of five- dimensional black hole with regular BPS limit) Qk ~ 
2m cosh 5fc sinh k = 1,2,3 (including electric/magnetic charges of the constituent M- 
branes, electric charge associated with the 5*0(1, 1) boost along the isometry direction of 
the internal coordinate, etc), and — 1 = 4 transverse space dimensions, the regular BPS 
limit is achieved by taking the limit in which 6k ^ 00 and m, — in such a way that the 
following combinations remain as constants: 
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Qk = \me''\ U = ^, (/c= 1,2,3; z = 1,2). (76) 
2 ^/m 



In the regular BPS limit, the non-extremality functions and the Harmonic functions take 
the following forms: 

gi^GDjJ'-l, H^-^l + ^, (77) 

and Ki defined in Eqs. (^9]) and (pO|) become zero. 

The first example of the intersecting M-brane solution with D — 1 = 4 transverse spatial 
dimensions which has the regular BPS limit with non-zero angular momenta corresponds to 
the intersecting membrane and fivebrane solution with a boost along the |/i-directions (Eq. 
(^)). The explicit form of the BPS limit is given as follows: 



FT{-K-^df + Kdyi) + F{dyl + ■■■ + dyl) + Tdyl 



Jsin^6'^^ , , Jcos^6'^^ , , - „ 
H — TFdcpidyi — TFd(p2dyi + dr 

+ ^2 Lq2 _ £^^K-^pT^td^^ + £^2^K~^FTdtd(f)2 + sin^ ed(j)l + cos^ ed(f)l]] , (78) 

where the harmonic functions F, T and K associated with the electric Q, magnetic P and 
the boost electric Qkk charges are given by 

F-' = l + ^, T-i = l + -^, ir=l + %, (79) 

ry ry A ry A 

and the modified infinitesimal line element dy\ along the boost direction y\ is given by 

dyi = dyi + {R-^ - l)dt. (80) 
Here, the angular momenta are defined in terms of the constants in Eq. (^) as 

J=J^, = -J^, = {2QVQkk)HLi - L2) (81) 
The non-zero components of the three-form field are given by: 

T^W _ rr^-l ^(11) _ _-p^^.2n o{ll) _ -^Sin^^ 

(u) _ Jcos^e (11) _ JsinH (11) _ Jcos^e 

The second example corresponds to the intersecting three membrane (2 ± 2 ± 2) solution 
(^) with the regular BPS limit having the following form: 

ds\, = {T^T^T^y^l'' [-T.T^T.de + T,{dyl + dyl) + T^^dyl + dyl) + T,{dyl + dyl) 

+dr^ + I d9^ + — T1T2T3 cos^ 9 sin^ 9d(f)id^2 
2r° 
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2 J 2 J 

■— T1T2T3 sin^ Odtdcpi H — -T1T2T3 cos^ 9dtd4>2 

^4 ^4 



+ sin^ e - ^TiT^Ts sin^ + cos^ ^ - ^TiTsTg cos^ d(j)l 

where the harmonic functions T„ associated with the electric charge Qn are given by 



^3) 



^n' = l + -^, n = 1,2,3, (84) 



and the angular momenta are defined in terms of the constants in (^6]) as 

J, = -J2 = J= (2QiQ2Q3)^(^i -^2). (85) 
The non-zero components of the three-form field are given as follows: 

<i=^nS (n = l,2,3) (86) 
where (a„, 6„) = (1, 2), (3, 4), (5, 6) for n = 1,2, 3, respectively. 

VII. CONCLUSIONS 

In this paper, we set out to address a general structure of non-extreme rotating intersect- 
ing M-brane configurations of eleven-dimensional supergravity. Such configurations should 
be interpreted as bound state solutions of M-branes with a common non-extremality param- 
eter and common rotational parameters associated with the transverse spatial directions of 
the M-brane configuration. 

An important result is a general algorithm for constructing the overall conformal factor 
and the internal components of the eleven-dimensional metric for such configurations. We 
also spelled out the action of a boost along the common intersecting direction. The space- 
time describing the internal part of such (intersecting) configurations is specified entirely 
by "harmonic functions" for each constituent M-brane (associated with each charge source) 
and the "non-extremality functions" (associated with the Schwarzschild mass), which are, 
in contrast to the static case, modified by functions that depend on the the rotational 
parameters (see Section III). This general algorithm (while inferred from the structure of 
the solution for a single rotating membrane and a single rotating five-brane) can be checked 
(and confirmed) against the explicit solutions of intersecting M-brane solutions, uplifted 
from the known rotating, charged black hole solutions in lower dimensions and the T-duality 
related solutions thereof. 

On the other hand, the transverse part of the configuration, which refiects the axial 
symmetry of the solution, involves charge sources as well as the rotational parameters in a 
more involved manner, and cannot be simply written in terms of modified harmonic functions 
and non-extremality functions, only 0. Therefore, in contrast to the case of static solutions. 



Note that in the case of static solutions the transverse part has a uniform structure of the form 
/^^(r)dr^ + r'^dd'j^_-^ with dd'j-)_i given by the infinitesimal length element of the unit {D — 2)- 
sphere S^~'^, independently of the number of non-zero charges. 
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the general algorithm for constructing the transverse part of the metric was obtained only for 
intersecting two M-branes and for intersecting three membranes with the transverse spatial 
dimensions D — 1 = 4. Again this structure can be checked against the corresponding explicit 
solutions uplifted from known lower-dimensional solutions. 

In contrast to the static solutions, the eleven-dimensional three-form field acquires ad- 
ditional non-zero components due to the electric [magnetic] field induced from rotating 
magnetic [electric] charge sources, thus assuming a complicated structure. The structure of 
the three-form field was obtained only in the case of intersecting two M-branes and the in- 
tersecting membrane and fivebrane with the S0{1, 1) boost, when it can be checked against 
the explicit solutions. 

The hope is that structure of such configurations may shed light on the role of angular 
momentum components of the non-extreme rotating black holes from the point of view of 
M-theory, and it may ultimately shed light on the origin of their contribution to the entropy 
of such a system. While the part internal to the configuration is well understood and has a 
clear interpretation in terms of harmonic functions, as "sources" for each M-brane (and the 
non-extremality functions), the structure of the transverse part of the metric needs further 
investigations. In the BPS limit, the structure of the transverse part simplifies significantly 
and therefore it may be possible to write the general structure in a tractable form. 
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